On the realisability of poly-surface groups  by Johnson, F.E.A.
Journal of Pure and Applied Algebra 15 (1979) 235-241 
@ North-Holland Publishing Company 
F. E. A. JOHNSON 
Department of Mathematics, University College London, London, UK 
Communicated by J.F. Adams 
Received 6 February 1978 
0. Introduction 
We shall say that a Poincare Duality group G [ 1, 91 is smoothly realisable when 
there is a smooth closed aspherical manifold Xc with T&=X& = G. Xc is called a 
model for G. It is not known whether every Poincare Duality group is smoothly 
realisable, and opinion seems divided on whether to try to prove or disprove 
this. 
By a “Surface” we shall mean a closed 2-dimensional manifold not homeomorphic 
to either a sphere, a projective space, a torus or a Klein bottle. By a Surface group we 
mean the fundamental group of a Surface. Since Poincare Duality groups are closed 
under extensions, it makes sense to 
Conjecture. A poly-Surface group admits a smooth realisation. 
. 
In this paper, we give a partial affirmative answer to the above viz. we isolate 
a class of poly-Surface groups (the stable groups of Section 2) which do admit 
smooth realisations. In addition, we show that every poly-Surface group has a sub- 
group of finite index which admits a smooth realisation. These results are proved in 
Section 3. 
Let us introduce some notation. If g = (K w G -HQ) is a short exact sequpence of 
groups, by an JV=realisation f 8 we mean a Hurewicz fibration 6 = (Xc 4 X0) 
in which base, fibre and total space are homotopy equivalent to CW complexes, and 
such that the long homotopy exact sequence of 5 yields 8. If 58 is a short exact 
sequence of Poincare Duality groups, we shall say that @Y issmoothly realisable when 
there is a smooth locally trivial fibre bundle 5 = (XG + X0) which is an R-realisation 
for %‘, and in which XG, Xo and the fibre XK are smooth closed manifolds. 
In section 1, k denotes the category of compactly generated Hausdorff spaces, an 
the category of all topological spaces. 
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Let X be a smooth closed manifold, G(X) its monoid of homotopy equivalances, 
and DIFF(X) its group of diffeomorphisms, topologised as in [lo]. Both G(X) and 
DIF‘F(X) are compactly generated Hausdorff ANR monoids. Eventually, we shall 
take X to be a Surface, when the inclusion DIFF(X) + G(X) is a homotopy 
equivalence; for the induced map on ~0 is bijective by [ll, 31, whilst the identity 
components of DIFF(X) and G(X) are each oontractible. For DIFF(X) this is 
proved in [6], and it is easy to see that G(Z)0 is contractible for any compact 
aspherical ANR 2. 
Let k = (El + B) be a Hurewicz fibration over a CW complex B with %bre 
homotopy equivalent o X. 6 is classified up to fibre homotopy equivalence by a 
homotopy class c(e) : B + BG(X), where BM is Milgram’s classifying space for a 
topological monoid JM Suppose the inclusion DIFF(X) 4 G(X) is a homotopy 
equivalence. Then so also is BDIFF(X) + BG(X) [2, Chap. 61, and c(t) may be lifted 
to a map c (11) : B + BDIFF(X). Let q’ be the locally trivial X bundle classified by 
c(q). If, in addition, B is a smooth manifold, then by standard approximation 
arguments we can replace $ by an equivalent smooth fibre bundle 7 = (& + B) 
with fibre diffeomorphic to X. Note that q is fibre homotopy equivalent o 6. If 
X is a Surface, then DIFF(X)% G(X) is a homotopy equivalence, and hen&we 
get 
osbtion 1, Let X be a Surface, B a smooth manifold and e r= (El + B) a Hurpwicz 
fibration with fibre homotopy equivalent to X. Therrz 5 is fibre homotopy equivalent to a 
smooth locally trivial bundle 7 = (E2 + B) with fibre diffeomorphic to X. 
If H is a discrete group, let (N+ WH+ Wkl!) be the Eilenberg-Maclane prin- 
cipal simplicial H-bundle with contractible tot.al space, Applying @ to a short 
exact sequence g = (K H G -$) Q) yields a. minimal Kan fibration E= 
( which in turn yields a k-locally trivial fibre bundle ([S, p. 551) 
IwZ upon taking its geometrical realisation 1 IO 
Suppose tha.t % is a short exact sequence 8 = (K )-) G -* Q) in which Q is a 
countable group of finite cohomological dimension. Then there exists (see e.g. [8]) a 
locally compact CW complex X0 of homotopy type K(Q, 1). Let 6 be the fibration 
induced from I&%4 by some homotopy equivalence X0+ IrQl. Since Irq is 
k-locally trivial and Xo is locally compact, then 6 is TOP locally trivial, hence a 
urewicz fibration. The long homotopy exact sequences of 5 and Ii%%1 are 
isomorphic since 5 and I- I are fibre homotopy equivalent, and both give the 
original short exact sequence 8. Thus 6 is an %‘-realisation of 53, and we have 
proved 
) is short exact of discrete with 
countable finite cohomological then 8 an 2I?-realisation. 
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Now let iif’= (K *+ G * Q) be a short exact sequence where is a Surface group, 
and Q is the fundamental group of a smooth closed aspherical manifold X0. By 
Proposition 2, choose an %?‘-realisation f = (E. + B) for Z%‘, and put 5 -f”(J), for 
some homotopy equivalence f : X0 + K Write & = (E1 +X0). Let XK be a closed 
surface with vi(XK) = K. By Proposition 1, we may replace 5 up to fibre homotopy 
equivalence by a smooth locally trivial bundle q = (& + X0) with fibre diffeomor- 
phic to XK, so ,r) is a smooth realisation of %’ and we have proved 
Theorem 3. Let 8 = (K H G +B Q) be a short exact sequence where K is the 
fundamental group of a Surface XK, and Q is a Poincare’ Duality group having a 
smooth realisation Xa. 
Then g has a smooth realisation with XK,XQ models of the fibre and base 
respectively and, in particular, G has a smooth realisation. 
2. Characteristic filtrations of poiy=Surface groups 
In this Section, we consider some elementary group theory associated with 
poly-Surface groups. Recall that if ~4 is a class of groups, then by a poly-& filtration 
of length n on a group G we mean a sequence (Gr)osrsn of subgroups of G with 
(i) l=Go~G~c~.o(~~-,cG,=G,and 
(ii) for each r, Gr Cl G r+l and Gr+l/Gr E & for 0s r s n - 1. Such a filtration is 
called characteristic f, in addition, each @, is a characteristic subgroup of G,+i. 
Moreover, we shall call such a filtration stable iff, for each m, 1 s m s n - 1, 
nkl r(Gi+l/Gi) C r(Gm+lIGm) 
i=O 
where r(H) denotes the rank, i.e. the minimal number of generators, of H. From 
classical surface theory, we know that Surface groups have one of the two following 
sorts of presentati.on; either Azm !\‘LIr m 3 12, or B, for m 2 2, where 
0 i A 2m = ( 
m 
-1 
X19 . . ..x.,Yi,...,Ym:,li~~XiYiXrlYi =’ 
> ’ 
(ii) Bm = (Co, . . . , Cm: ,ii, Cf = 1). .= 
If H is a Surface group, there is a relation between the Euler characteristic x(H) of 
H and its rank, viz. x(H) = 2 - r(H). From this, it is simple to see that if Hl is a 
subgroup of finite index in the Surface group Ho, then r( 
C 1 be a short exact ~te~y 
generated group, Q is a Surface grl., . ii., and r(K) < r(Q). Then &K is characteristic in 6. 
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roog. We must show that if 8: G+ G is an automorphism then 8(K) c Ker p. 
Clearly pe(K) Cl Q, so suppose pe(K) # 1 
Case 1. Suppose pt9(K) has finite index in Q. Then by above remark, r(pO(K)) 3 
r(Q). However, r(pO(K)) < r(K) c r(Q). Contradiction. 
Case 2. Suppose p@(K) has infinite index in Q. In the terminology of Greenberg 
[7], Q is a non-quasi-abelian discrete hyperbolic group, hence ach normal subgroup 
of infinite index in Q is either trivial or jnfinitely generated. Hence p@(K) is not 
finitely generated, contradiction, since it is an epimorphic image of the finitely 
generated group K. Thus either way we get a contradiction, so that p@(K) must be 
trivial. q 
Using the fact that if (K w G + Q) is a short exact sequence then r(G) G 
r(K) + r(Q), the following is easy to deduce from Lemma 4. 
reposition 5. A stable poly-Surface filtration is churacteristic. 
G’ = Ker c, Qh’ = G’ n @, and Q’ = p(G’). Let 8” be the extension %‘.= 
We shall call a poly-Surface group stable iff it possesses a stable poly-Surface 
filtration. The rest of this section is taken up with the job of showing that an arbitrary 
poly-Surface group has a subgroup of finite index which is a stable poly-Surface 
group. 
To begin with, note that if Q is an orientable Surface group, then for each prime 
p, Q is residually afinite p-group; for p = 2, this is proved in [4]. However, there is no 
difficulty in rewriting the proof of [4] to cover the case where p is any prime. Hence 
we get 
has a subgroup 
Q be an orientable Surface group, and let n 
Q’ of index kn for some positive integer k. 
be positive integer. Then 8 
. Let n =py1pz2 l . l p> be the prime factorisation of n. The proof is by 
induction on m. For m = 1, this follows easrly from the fact that Q is residually afinite 
pl-group. Suppose true for m - 1. By induction, we may choose a subgroup 8” of 
index rp:’ l . l pkt in Q for some positive integer . Q” is still an orientable Surface 
group, so that, since Q” is residually p,, we may choose a subgroup Q’ of index p> 
for some b, 2 a,. Put k = rpkVam. Then Q’ has index kn in Q. Cl 
. Let % = (a w G 2 Q) be a shortexactsequence where @isfinite, and 8 
is a Surface group. Then 
!i) G has a subgroup of finite index which is a Surface group, and moreover 
(ii) this subgroup can be chosen to have arbitrarily large rank, 
rstly, it is clear that (i)=$ (ii). ce group contained, with 
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We prove (i) by first proving two special cases. 
Case 1. eli finite and central in G, and Q orientable. 
Case 2. @ finite and Q orientable. 
Proof czf Case 1. In this case, % is completely determined by a cohomology class 
CY E H2(Q; @) = @. But CD is finite, so Q! has order n say. Choose, by Lemma 6, a 
subgroup Q’ of index kn in Q for some k, and let i: Q’ 4 Q den(c:e the inclusion. Put 
G’-p-‘(Q’) and consider the extension %‘= (@ w G’ z~ (1’). Again this is 
central, and completely determined by the cohomology class CY’ = i*(a). EIowever, 
H*(Q; Qi) = H*(Q’; @) = Qi, and the restriction map i* : H”(Q; @)+ H’(Q’; Qz) 
may be identified with the endomorphism of @ induced by multiplication by kn, 
whence cy’ = i*(a) = 0, so that 8 splits. Take H to be the image of any homomor- 
phism which splits 8’ on the right. Then H has finite index in G’, hence also in G. 
Since H = Q’, H is a Surface group. Cl 
Proof of Case 2. Let c : G + Aut(Qi) be the map induced by conjugation. Put 
G’ = Ker c, @’ = G’ n @, a.nd ‘Q’ = p(G’). Let Z” be the extension 8 = 
(@’ H G’P” Q’). Since Aut(@) is finite, G’ has finite index in (3, 
so that Q’ has finite index in Q, and 8’ is in Case 1. Choose a Surface subgroup H 
of finite index in G’. Then H has finite index in G. Cl 
Proof of general case. If Q is orientable, then we are in Case 2, SO we are finished. If
Q is non-orientable, choose an orientable subgroup of indiex 2 in 0, and put 
G’ = p-‘(Q’). Then the extension 8’ = (@ w G’ -% Q’) is in Case 2, and we may 
choose a Surface subgroup H having finite index in G’, hence: in G. Cl 
Definition. If G is a group and H a subgroup, we define StabA by 
StabA = {a! E Aut(G): a(H) = H}. 
The following is probably well known, but I am unable to find a suitable reference for 
it. 
Propositioti 8. If K is a finitely generated group and I&-, a subgroup of finite index in K, 
then StabAcK1(KO) is a subgroup of finite index in Aut(K). 
Proof. 
: Aut(K) + 
Aut(Kf K1) defined by r(a)[x] = [a(x)]. Clearly 
StabAd&) = r-‘(stabA(,K,,(K~/Kl)). 
Since Aut(KIK1) is finite, Stab A(K,KJKO/Kl) has finite index in Aut( 
StabA&KO) has finite index in Aut(K). q 
1), hence 
We end this Section by proving 
urface group has a subgroup of finite index whit 
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Indeed, even when W,(X) is an extension K - WI(X) + Q with K, Q Surface 
groups, one does not know that the induced map ?ro(DIFF!X)) + rro(G(X)) is an 
isomorphism. 
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